Fixed & Floating Point
Formats

CSC231—Fall 2017
Week #15

Dominique Thiebaut
dthiebaut@smith.edu



Trick Question

for ( double d =0; d '=0.3; d += 0.1 )
System.out.printlnC d );
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Normalization
(in decimal)

(normal = standard form)

v = 123.456

v

y = 1.23456 x 102
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Normalization
(in binary)

vy = 1000.100111 (8.609375d)

v

y = 1.000100111 x 23
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Normalization
(in binary)

y = 1000.100111

v

y = 1.000100111 % 23
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Normalization
(in binary)

y = 1000.100111

v

y = 1.000100111 ¥ 23

vy = 1.000100111 x(101"
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1.000100111 x 1

0 1000100111
sign mantissa exponent
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But, remember,

all* numbers have

a leading 1, so, we can pack
the bits even more
efficiently!

“really?
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implied bit!

000100111 x U

0 0001001110
sign mantissa exponent
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IEEE Format

Mantissa (23)

@tored n@
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y = 1000.100111

y = 1.000100111 23
y = 1.000100111 101"

31 30 23 22 0

bbbbbbbb | 0001001110000............... 0
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y = 1.000100111 x 10"

31 30 2322 0
' bbbbbbbb | 0001001110000............... 0

Why not 00000011 7
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How Is the exponent
coded?




real exponent stored exponent Comments

-126 0 Special Case #1
-126 1
-125 2
-124 3
-123 4
-1 126
0 127
1 128
2 129
3 130
127 254
128 255 Special Case #2
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real exponent stored exponent Comments

-126 0 Special Case #1
-126 1
-125 2
-124 3
-123 4
-1 126
0 127
1 128
2 129
3 130
127 254
128 255 Special Case #2
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y = 1.000100111 x 10"

31 30 2322 0

110000010 | 0001001110000.............. 0

1.0761719 * 273

Anh! 3 represented by _
130 = 128 + 2 = 38.609375
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Verification
8.6093752 in IEEE FP

Tools & Thoughts
IEEE-754 Floating Point Converter

Translations: de
This page allows you to convert between the decimal representation of numbers (like "1.02") and the binary format used by all modern CPUs (IEEE 754
floating point).

IEEE 754 Converter (JavaScript), V0.22

Sign Exponent Mantissa
Value: +1 23 1.076171875
Encoded as: 0 130 638976
Binary:
Decimal representation 8.609375
Value actually stored in float: 8.609375 B
Error due to conversion: m

Binary Representation 01000001000010011100000000000000
Hexadecimal Representation 0x4109c000

http://www.h-schmidt.net/FloatConverter/I[EEE754.html
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Exercises

 How is 1.0 coded as a 32-bit floating point number?
 What about 0.57
¢ 157

. -1.57

* what floating-point value is stored in the 32-bit number
below?

111000 0011|111 1000 0000 OOOO 0000 0000
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* 1.0=0|01111111]000...0

* 0.5=0|01111110| 000...0

¢« 1.56=10+05=0|01111111]100...0

¢ -15=1|01111111] 100...0

* 1/1000 0011|111 1000 0000 OOOO OOOO 0000
= - (stored exp = 131 —> real exp = 4)

+ 1.9375
=-19375x2"N =-1937/5 x 16 = -31
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what about 0.1?

-~
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0.1 decimal, in 32-bit precision, IEEE Format:

O 01111011 10011001100110011001101
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0.1 decimal, in 32-bit precision, IEEE Format:

O 01111011 10011001100110011001101

Value in double-precision: 0.10000000149011612
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for ( double d =0; d '=0.3; d += 0.1 )
System.out.printlnC d );
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-126
-125
-124
-123

W NE= O

127
128
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0
1
2
3
4

126
127

128
129
130

254
255




Zero

 Why Is it special?

* 0.0 =0 00000000 0000000000000000000000
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-126
-125
-124
-123

W NE= O

127
128
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0
1
2
3
4

126
127

128
129
130

254
255

Special Case #2

it mantissa is O:
number = 0.0




Very Small Numbers

 Smallest numbers have stored exponent of O.

* |n this case, the implied 1 is omitted, and the
exponent is -126 (not -1271!)
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-126
-125
-124
-123

W NE= O

127
128

0
1
2
3
4

126
127

128
129
130

254
255

Special Case #2

if mantissa is O:
number = 0.0
if mantissa is !0:
no hidden 1
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Very Small Numbers

* Example: 0 00000000 00100000000000000000000

01/00000000/1 001000...000

)i x (0.001)

+ (2-126) x (0.125) — 1.469 10-39
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0
1
2
3
4

=125

-124

-123

=1 126
0 127
1 128
2 129
3 130
127 254
128 255
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Very large exponents

* stored exponent = 1111 1111

* if the mantissais =0 # +- 00
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Very large exponents

* stored exponent = 1111 1111

* if the mantissais = O » +- 00
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Very large exponents

e stored exponent=1111 1111

* if the mantissa is = O » +- 00

* if the mantissa is = O m) NaN
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Very large exponents

e stored exponent=1111 1111

* if the mantissais =0 » +- 00

+ if the mantissa is |= O msp NaN = Not-a-Number

Q‘.} D. Thiebaut, Computer Science, Smith College
A Y



Very large exponents

e stored exponent=1111 1111

* if the mantissais =0 » +- 00

e if the mantissa is != 0 » NaN
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* 011111111 00000000000000000000000 = + ©©

* 111111111 00000000000000000000000 = - ©©

« 011111111 10000010000000000000000 = NaN
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Operations that create NaNs (nhitp:/en.wikipedia.orghwikiNan )

 The divisions 0/0 and +oo/+
* The multiplications Ox+c and #cox0

 The additions o + (—), (—o0) + o and equivalent
subtractions

* [he square root of a negative number.
* The logarithm of a negative number

e The inverse sine or cosine of a number that is less
than —1 or greater than +1
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http://en.wikipedia.org/wiki/NaN

// http://stackoverflow.com/questions/2887131/when-can-java-produce-a-nan G e n e rat I n g

import java.util.*;

import static java.lang.Double.NaN; NaNs
import static java.lang.Double.POSITIVE_INFINITY;

import static java.lang.Double.NEGATIVE_INFINITY;

public class GenerateNaN {
public static void main(String args[]) {
double[] allNaNs = { @D / @D,

POSITIVE_INFINITY / POSITIVE_INFINITY,

POSITIVE_INFINITY / NEGATIVE_INFINITY,

NEGATIVE_INFINITY / POSITIVE_INFINITY,

NEGATIVE_INFINITY / NEGATIVE_INFINITY,

© * POSITIVE_INFINITY,

@ * NEGATIVE_INFINITY,

Math.pow(1l, POSITIVE_INFINITY),

POSITIVE_INFINITY + NEGATIVE_INFINITY,

NEGATIVE_INFINITY + POSITIVE_INFINITY,

POSITIVE_INFINITY POSITIVE_INFINITY,

NEGATIVE_INFINITY NEGATIVE_INFINITY,

Math.sqgrt(-1),

Math.log(-1),

Math.asin(-2),

Math.acos(+2), };
System.out.println(Arrays.toString(allNaNs));
System.out.println(NaN == NaN);
System.out.println(Double.isNaN(NaN));

v ¥

[NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN, NaN]
false
true
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NaN is sticky!
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Range of Floating-Point Numbers

Denormalized Normalized Approximate Decimal

Single Precision |+ 27149 tg (1-2723)x2°126 |, 5-126 ¢4 (2-223)x2127 % ~10744.85 tg ~1038.53

Double Precision + 21074 tg (1-2752)x 271022 4 5-1022 ¢ (2-2-52)x 21023+ ~107323:3 to ~10308.3
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Range of Floating-Point Numbers

Denormalized Normalized Approximate Decimal

Double Precision + 21074 tg (1-2752)x 271022 4 5-1022 ¢ (2-2-52)x 21023+ ~107323:3 to ~10308.3

Binary Decimal

Single Precision + (2-2-23) x 2127 ~ + 1038.53

Double Precision + (2-2-52) x 21023 o 4+ 10308.25
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Resolution
of a Floating-Point
Format

Check out table here: http://tinyurl.com/FPResol

! ' | ! : | 1 | 1 4" sy 4 iH ! ‘) | ! | ’ : | : ' |
' ' | . ! ! {4 | £ et ettty o iH ! it | : ! ! ' | ' : ' |
| | : | : {4 Hisst =4t ottt ¢ 4 : 1+ - | : | : : | | : :
: | : 1H | [N TS .y I 11 1Y : i | 1 : | : ’ | : | | : | 1
’ “ 5 “ 1 1 ’ 1 1 ) . s . ’ ’ s " in i 4 ) " 3 1Ly
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http://preview.tinyurl.com/FPResol

REAL NUMBERS

| | |
R ¢

~
FLOATING-POINT
NUMBERS

http://jasss.soc.surrey.ac.uk/9/4/4.html
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What does 1t have
to do with Art?
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March 2004 May 2014 December 2015

* Rosetta Landing on Comet

 10-year trajectory
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We stopped here

last time...

R =

R




Why not using 2’s Complement
for the Exponent?

0.00000005 =001100110 10101101011111110010101
1 = 001111111 00000000000000000000000
0605536.25 =0 10001111 00000000000000000100000
65530.5 = 010001111 00000000000000001000000
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[ |
http://www.h-schmidt.net/FloatConverter/I[EEE754 .html Exe rc I ses

IEEE 754 CoNVERTER

This page allows you to convert between the decimal representation of numbers (like "1.02") and the binary format used by all modern CPUs

(IEEE 754 fioating point). The conversion is limited to single precision numbers (32 Bit). The purpose of this webpage is to help you
understand floating point numbers.

IEEE 754 Converter (JavaScript), V0.12
Note: This JavaScript-based version is still under development, please report errors here.

Sign Exponent Mantissa

Value: +1 24 1.60000002384 1858

Encoded as: 0 123 5033165

Binary: v /)
Decimal Representation 0.1
Binary Representation 00111101110011001100110011001101

Hexadecimal Representation  0x3dccccca
After casting to double precision 0.10000000148011612

Does this converter support NaN, and co?

Are there several different representations of +oo?

What is the largest float representable with the 32-bit format?

What is the smallest normalized float (i.e. a float which has an implied leading 1. bit)?
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http://www.h-schmidt.net/FloatConverter/IEEE754.html

How do we
add 2 FP numbers?




1111 x2°+1.110 x 28

1111 x2°+ 1.110 x 28

1.11000000 x 28
+0.00111100 x 28

1.11111100 x 28
1.111:11100 x 28
= 10.000 x 2

= 1.000 x 2°

Q‘.} D. Thiebaut, Computer Science, Smith College
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after expansion

locate largest number
shift mantissa of smaller

compute sum
round & truncate

normalize



* fp1=s1m1 e
fp2 = s2m2 e2
fo1 + fp2 =7

* denormalize both numbers (restore hidden 1)

e assume fp1 has largest exponent e1: make e2 equal to
el and shift decimal point in m2 —> m?2’

e compute sum m1 + m2’
e truncate & round result

* renormalize result (after checking for special cases)
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What are the "dangers”
of adding 2 FP numbers?

https://www.foodsaftetymagazine.com/fsm/cache/file/3840D087-FDF9-43B7-9353CE2E6CICCI945.jpg
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Algorithm for adding
a Series of FP numbers?

https://www.foodsaftetymagazine.com/fsm/cache/file/3840D087-FDF9-43B7-9353CE2E6CICCI945.jpg
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How do we
Multiply 2 FP
Numbers?




1111 x25x1.110 x 28

1111 x2° x 1.110X 28 Sfipp expansion

1.110
X 1.111 multiply mantissas
11.010010 normalize
= 1.1 10;1 0010 x 21 round & truncate
=1.111 x 2 normalize
T+5+38=14 add exponents
=1.111 274
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* fp1 =s1ml el
fp2 = s2 m2 e?
fo1 x fp2 =7

* Test for multiplication by special numbers (0, NaN, o)

* denormalize both numbers (restore hidden 1)
 compute product of m1 x m2

e compute sumel + e2

* truncate & round m1 x m2

* adjust e1+e2 and normalize.
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How do we compare
two FP numbers?




Check sign bits first, the
compare as unsigned integers!
No unpacking necessary!
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Programming FP

Operations in
Assembly...




Pentium

EAX

EBX

ECX \/

ALU

EDX
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http://download.intel.com/pressroom/kits/pentiumee/pentiumee_processor_back.jpg
https://people.cs.clemson.edu/~mark/330/colwell/pentium.gif
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SPO

SP1

SP2

SP3

SP4 \/

FLOATING POINT
SPS UNIT

SP6

SP7
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Operation: (7.0+10.0)/9.0

SPO

SP1

SP2

SP3

SP4 \/

FLOATING POINT
SPS UNIT

SP6

SP7
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Operation: (7+10)/9

SPO 7 fpush 7
SP1

SP2

SP3

SP4 \v/

Sp5 FLOATLIJI:I\I(IETPOINT
SP6

SP7
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Operation: (7+10)/9

SPO 10 fpush 7
P i fpush 10
SP2

SP3

SP4 \/

Qps FLOATLIJI:I\I(IETPOINT

SP6

SP7
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Operation: (7+10)/9

SPO fpush 7
fpush 10

SP1 10.  fadd

SP2 7

SP3

SP4 \/

Sp5 FLOATLIJI:I\I(IETPOINT

SP6

SP7
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Operation: (7+10)/9

SPO 17 fpush 7
fpush 10

SP1 fadd

SP2

SP3

SP4 \/

S P5 FLOATLIJI:I\I?TPOINT

SP6

SP7
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Operation: (7+10)/9

SPO 9 fpush 7
fpush 10
SP 17 fadd
<po fpush 9
SP3
SP4 \/
FLOATING POINT
SP5 UNIT
SP6
SP7

Q:.} D. Thiebaut, Computer Science, Smith College



Operation: (7+10)/9

SPO fpush 7
fpush 10

Spo fpush 9
fdiv

SP3

SP4 \/

SP5 FLOATING POINT

UNIT
SP6
SP7

Q:.} D. Thiebaut, Computer Science, Smith College



Operation: (7+10)/9

SPO 1.88889 fpush 7
fpush 10
SP fadd
fpush 9
SP2 fdiv
SP3
SP4 \/
FLOATING POINT
SP5 UNIT
SP6
SP7

Q‘.} D. Thiebaut, Computer Science, Smith College
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The Pentium computes
FP expressions

using RPN!




The Pentium computes
FP expressions

using RPN!



https://en.wikipedia.org/wiki/Reverse_Polish_notation

Nasm Example: z = x+y

SECTION .data

X dd 1.5
Yy dd 2.5
Z dd 0

; compute z = X + Yy
SECTION .text

fld dword [X]
fld dword [Vy]
fadd

fstp dword [z]

Q‘.} D. Thiebaut, Computer Science, Smith College
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Printing floats in C

#1include "stdio.h"

int main() {
float z = 1.2345e10;
printf( "z = %e\n\n", z );
return 0;

¥
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A Y



Printing floats in C

#1include "stdio.h"

int main() {
float z = 1.2345e10;
printf( "z = %e\n\n", z );
return 0;

¥

gcc -o printFloat printFloat.c
./printFloat
z = 1.234500e+10

Q‘.} D. Thiebaut, Computer Science, Smith College
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More code examples here:

http://cs.smith.edu/dftwiki/index.php/
CSC231_An_Introduction_to Fixed- and_Floating-
Point Numbers#Assembly | anguage_Programs
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http://cs.smith.edu/dftwiki/index.php/CSC231_An_Introduction_to_Fixed-_and_Floating-Point_Numbers#Assembly_Language_Programs

THE END!
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